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Outline

* Introduction to Dynamic Programming
Rod Cut
Matrix Chain Multiplication

Longest Common Subsequence

Longest Increasing Subsequence

DP on Tree
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From Divide-and-Conquer to Dynamic
Programming
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Recall Divide-and-Conquer

A strategy to recursively solve the problem
* Divide the problem into subproblems
e Conquer the subproblems

 Combine the subproblems’ solutions into original problem’s solution
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Recall Divide-and-Conquer

Recall Fibonacci sequence: given n, output the n-th Fibonacci number

E_ +E_, ifn=2

n— 1

0 ifn=20;
E, = { 1 ifn=1 Observe the recursion tree for the subproblems

1 1 2 3 5 8 13 21 34

* Divide-and-Conquer solution

01. fib(n) :

02. if n<=1:

03. return n

04. else:

05. return fib(n-1) + fib(n-2)

* Complexity: O(¢p™")

* Why is it so high?
Y 5 Repeated subproblem solving

Any way to reduce?
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Dynamic Programming

Another paradigm that solves problems by combining the solutions to subproblems
* Handle overlapping subproblems with a table (difference from divide-and-conquer)

* (Programming here refers to the tabular method)

state [0 |12 31415 o

Value

| 4
g o, N

Subproblem graph

 Each node is a subproblem

* The dependency between subproblems

A reduced version of recursion tree
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Dynamic Programming

Two implementations of dynamic programming

Top-Down Bottom-Up
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Top-Down with Memorization

Recursive implementation

e Start from original problem, recursively solves small subproblems

* Once called, subproblem solution stored in a table or array (memorization table)
* Checks if the solution to that subproblem is in the memorization

» Exist: retrieve and use; Not exist: (recursively) solve the subproblem and store it

o

return Fib[n]
Fib[n] = Cal_Fib(n-1) + Cal_Fib(n-2)
return Fib[n]

e 1.Fib = [-1] # Memorization table
2.def Cal _Fib(n):
‘i' 3. if n <= 1:
4, return n
5. if Fib[n] != -1:
6.
7.
8.
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Bottom-Up

Apply on a subproblem graph where subproblem depends only on “smaller” subproblems
* Iteratively solve subproblems in the order of smaller problems to larger problems

e Larger subproblems solved based on solutions of previously solved small subproblems

fib_table = [0] * (n+1)

é fib_table[0] = ©

1.
2
3
é 4. fib_table[1] = 1
5,
6
7
8
9

é for i in range(2, n+l):

fib_table[i] = fib_table[i-1] + fib_table[i-2]
Notice: There will always be subproblems that are bottom in the topological order, but not always easy

def Cal Fib(n):

Bottom-Up

return fib_table[n]

to define the order based on the physical meaning of the problem.

AlAA 5037 Advanced Algorithms and Data Structures 9



Top-Down vs. Bottom-Up

Bottom-Up: easy implementation, no cost for recursive function calling, smaller
coefficient for time complexity

Top-Down: Sometimes no need to solve all the subproblems
Example

* Base: f(0)=f(D)=f(2)=fB)=1

e Recursive: f(n) =f(n—2)+f(n—4)

Top-Down Bottom-Up

AIAA 5037 Advanced Algorithms and Data Structures



Complexity Analysis

Analyze time complexity with subproblem graph
Time complexity

* n subproblem (nodes), each is solved at most once

* m dependences (edges), each is used once to solve the subproblem

* Intotal: O(n + m) e

Space complexity é

* n subproblem (nodes), each recorded in the table: O (n) é

When influenced by multiple terms containing multiple parameters
without a definite order of dominance, we use the sum to depict

complexity. E.g., 0(n + m), 0(n? + mlogn), etc
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Optimization with DP: Rod Cutting
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Rod Cutting

Problem: given a rod of length n, the price for selling a rod with length i is p;. You can cut up

the rod and sell the pieces, determine the maximum revenue 7,

lengthi |1 2 3 4 5 6 7 8 9 10
picep; |1 5 8 9 10 17 17 20 24 30

9 5 5

1 8 8 1
Q) ))) 'BIDEE J)d ) Q)0

(a) (b) (©) (d)

OO0 OO oD OO0
e H (g) (h)

Example: 8 ways to cut a rod of length 4, (c) is the best
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Rod Cutting

Problem: given a rod of length n, the price for selling a rod with length i is p;. You can cut up

the rod and sell the pieces, determine the maximum revenue 7,

2 3 5 6 7 8 9 10

lengthi | 4
5 8 9 10 17 17 20 24 30

price p; |

1
1

Naive solution: Brute Force

« 2™ 1 plans, at every inch, we choose cut/not cut, so exponential complexity

9 1 8 5 5 8 1
Q) ))) 00 )) )0 ) Q)0

(a) (b) (©) (d

e e e o)

(e) ® (2 ()
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Rod Cutting

Problem: given a rod of length n, the price for selling a rod with length i is p;. You can cut up

the rod and sell the pieces, determine the maximum revenue 7,

2 3 5 6 7 8 9 10

length i ‘ -+
5 8 9 10 17 17 20 24 30

price p; |

1
1

Divide-and-Conquer
* If the first cut divides the rod into length i and n — i, the maximum revenueis 1; + 1,,_;

* Try the first cuts and pick the best one: f(n) = max(p,, max* (f(i) + f(n —i)))

01. f(p,n)

02. qg = pln]

03. for i = 1 to n-1:

04. q = max(q, f(p,i)+ £(p,n-1))
05 return g

. -Complexity: T(n) =0(1) + Z?;ll(T(i) + T(n — i)) =0 +2YX21 T
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Rod Cutting

Problem: given a rod of length n, the price for selling a rod with length i is p;. You can cut up

the rod and sell the pieces, determine the maximum revenue 7,

lengthi |1 2 3 4 5 6 7 8 9 10
picep; |1 5 8 9 10 17 17 20 24 30

Better solution?

* When the first piece has length i, then maximum revenue is p; + 7;,_;

* Try the first piece and pick the best one: f(n) = max(p,, max?;f (pi + f(n—1)))

01. | £(p,n)

02. qg = pln]

03. for i = 1 to n-1: e Complexity: T(n) = 0(1) +Z?=_11 T() = 6(2™)
04. q = max(q, pli] + f£(p,n-1)) _

05 . return g e Whyis it soslow?
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Rod Cutting
Problem: given a rod of length n, the price for selling a rod with length i is p;. You can cut up
the rod and sell the pieces, determine the maximum revenue 7,

2 3 5 6 7 8 9 10

length i | 4
5 8 9 10 17 17 20 24 30

price p; |

1
1
Observe the subproblem recursion tree for f(n) = max(p,,, max{":_f (p; + f(n—1)))

Practice
* Draw the subproblem graph

* Solve with dynamic programming

(0) Recursion tree when n = 4, duplicated calculation
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Rod Cutting

Problem: given a rod of length n, the price for selling a rod with length i is p;. You can cut up

the rod and sell the pieces, determine the maximum revenue 7,

2 3 5 6 7 8 9 10

length i | 4
5 8 9 10 17 17 20 24 30

price p; |

1
1

Dynamic programming for f (n) = max(p,,, max?;f (p; + f(n—1)))

* Top-Down

MEMOIZED-CUT-ROD-AUX(p, n,r)

MEMOIZED-CUT-ROD(p, n) 1 ifr[n] =0
2 return r[n]
1 let r.[O .. n] be a new array 3 ifn =0
2 fori =0ton 4 g=0
3 rli] = —o0 5 elseq = —oc0
4 return MEMOIZED-CUT-ROD-AUX (p, n,r) 6 fori = 1ton
7 q = max(g, p[i] + MEMOIZED-CUT-ROD-AUX (p,n —i,r))
8 rlnl =g
9 returng
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Rod Cutting

Problem: given a rod of length n, the price for selling a rod with length i is p;. You can cut up
the rod and sell the pieces, determine the maximum revenue 7,

2 3 5 6 7 8 9 10

length i ‘ 4
5 8 9 10 17 17 20 24 30

price p; |

1
1

Dynamic programming for f (n) = max(p,,, max?;f (p; + f(n—1)))

* Bottom-Up BOTTOM-UP-CUT-ROD(p, n)

. 1 letr|O..n]be anew arra
* Solution for larger length based on on smaller ones r[0] [: 0 ] Y

* Problem size: length of rod 3 forj =1ton

- q = —0o0
Time Complexity: 5 fori = 1to j
. 6 g = max(q, pli] +r[j —i])
T(n) = ¥y 51, 0(1) = 0(n?) 1 =g
8 return r[n]
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Rod Cutting

Complexity analysis with subproblem graph for f(n) = max(p,,, max'(p; + f(n —i)))
* Number of subproblems: n

 Number of edges for problem i: i (4)

* Total number of edges: Y1, i = O(n?)

Time complexity: O(n + n?) = 0(n?)

Space complexity: O(n)

"=
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Key Characteristics

Use dynamic programming when you construct a problem with characteristics:
e Optimal Substructure: An optimal solution to the problem can be constructed from

optimal solutions to its subproblems

* |f the first cut divides the rod into i and n — i, the maximum revenue is 7; + 7;,_;

* f() = max(py,, maxizy (f(D) + f(n—1)))

* When the first piece has length i, then maximum revenue is p; + 7;,_;

* f(n) = max(p,, max;_'(p; + f(n - 0)))
* Overlapping Subproblems
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Reconstruct the Optimal Rod Cut

e Store the transition in the subproblem graph (i.e., length of the first piece for the optimal
solution of each subproblem)
e (Recursively) print the first piece for each subproblem and go to the subsequent

subproblem

EXTENDED-BOTTOM-UP-CUT-ROD(p, n)
1 letr[0..n]and s[0..n] be new arrays

2 r[0]=0

3 forj = 1ton PRINT-CUT-ROD-SOLUTION (p, 1)

4 g = —00 1 (r,s) = EXTENDED-BOTTOM-UP-CUT-ROD(p, n)
5 fori = 1toj 2 whilen >0

6 ifg <pli]+r[j —i] 3 print s[n]

7 q = plil+r[j —1i] 4 n =n—snj

8 s[j] =i

9 rljl1 =4

10 return r and s
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Summary of Dynamic Programming

Solving problems with overlapping subproblems

e Usually applied to optimization problems

Steps of Dynamic Programming:

1. Characterize the structure of an optimal solution (define problem that has optimal
substructure): most critical, usually not trivial

2. Recursively define the value of an optimal solution

3. Compute the value of an optimal solution (top-down with memorization or bottom-up)

4. (optional) Construct an optimal solution from computed information

Important Intuition: The subproblems can be stored in a table for efficient reference

* Cannot have too many subproblems

* Subproblem is representable by a distinct ‘state identifier’
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Matrix-Chain Multiplication
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Matrix Chain Multiplication

Problem: Given a sequence (chain) < Aq; A,; ...; A,, > of n matrices (A; € RPi-1*Pi), compute
the product A4, ... A,,, decide the computation order to minimize computation cost.

The order of multiplication has a dramatic impact on the cost of evaluating the product.
Example: A; € R10%X100 4 g R100X5 4 g R5X50

* ((A1A4,)A3): 10-100-5+ 10-5 50 = 7500 multiplications

* (A;(A,A3)):100-5-50+4+ 10100 - 50 = 75000 multiplications

We refer to this form as a fully parenthesized matrix multiplication:
* A product of matrices is fully parenthesized if it is either a single matrix or the product of
two fully parenthesized matrix products, surrounded by parentheses

Problem transformed: find the optimal FPMM
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Matrix Chain Multiplication

Problem: Given a sequence (chain) < Aq; A,; ...; A,, > of n matrices (4; € RPi-1* Pi), compute
the product A4, ... A,,, decide the computation order to minimize computation cost
 Complexity for brute force?

* What is the total number of FPMM?

* Hint: FPMM is product of two FPMM surrounded by a parenthesis
((A142)(4344)), ((A14243)A,) , (A1(A24344))
* Product of FPMM of two sub-chains

| L (A1)(A2(43A4y)))
pon L2 e TR TR
n) = ) 1412 3414
> P(k)P(n—k) ifn=>2. ((A1(A245))As)

k=1 (((AlAz)A3)I44)

 P(n)is Catalan number, which grows as Q(4"/n3/2)
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Matrix Chain Multiplication

Problem: Given a sequence (chain) < Aq; 4,; ...; A,, > of n matrices compute the product

A A, ... A, with A; € RPi-1*Pi decide the computation order to minimize computation cost
(A1[(42(4344)))

Dynamic programming? (41[(4243)A4))
(414243 44))

Step 1: Characterize optimal substructure ((41(4243))Hs)
(((4142) A5)As)

* Given optimal FPMM P, .,, of A;.,,, if P;.,, separates the two chains at A, it contains FPMM

P;.; and Py 4., for A;., and Ay 1.,,, Which are optimal FPMM for A;.;, and Ay 1.1,

* Proof by contradiction — obvious
* Ifthereis P’ so that cost(P’y.) < cost(Py.x) = cost((P’1., Pes1m)) < cost(Py.)

* P;., is not optimal
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Matrix Chain Multiplication

Problem: Given a sequence (chain) < Aq; 4,; ...; A,, > of n matrices compute the product

A A, ... A, with A; € RPi-1*Pi decide the computation order to minimize computation cost

Dynamic programming? (A1(A2(A3A44)))

: : ) , (A1[((A243)A4))

Step 2: Recursively define the value of an optimal solution ((A1A2)(A344))
A(A,A

* Use f(A4, ...,A,) to denote the minimal computation cost EE(L(AZ);;;E:%

* Supposing the cutting point is between 4; and A4;,4, the minimum cost is
f(Ali ---;Ai) + f(Ai+1; ""An) + Do ' Di ' Pn
* f(Al' ""An) — ml.in(f(Al: ""Ai) + f(Ai+1' ""An) +Po " Di- pn)
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Matrix Chain Multiplication

Problem: Given a sequence (chain) < Aq; 4,; ...; A,, > of n matrices compute the product

A A, ... A, with A; € RPi-1*Pi decide the computation order to minimize computation cost

f(Ay, ey Ap) = MINCF (A, 0, A + F(Arsr, s A) + Do P - D)

Step 3: Compute the value of an optimal solution
1.Init m[i,j]=inf # Memorization table

* Top-Down with memorization 2.def £(1, r):
3. if m[1l,r] != inf:
4. return m[1,r]
5. if 1 == r:
6. m[l,r] = ©
7. return 0
8. for k =1 to r-1:
9. q = f(1, k) + f(k+1, r)+p[1-1]*p[k]*p[r]
10. if g < m[l,r]:
11. s[1l,r] = k #the best cut
12. m[l,r] = q
13. return m[1,r]
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Matrix Chain Multiplication

Problem: Given a sequence (chain) < Aq; 4,; ...; A,, > of n matrices compute the product

A A, ... A, with A; € RPi-1*Pi decide the computation order to minimize computation cost

F(Ay, oo Ay) = Min(f(Ay, o, A + F(Ais, oo An) +Po - Pi - D)
Step 3: Compute the value of an optimal solution

B Ott om- U p MATRIX-CHAIN-ORDER(p)

1 n = p.length—1
2 letm[l..n,1..n]ands[l..n —1,2..n] be new tables

* Define problem size: the length of the sequence  fori = lton
. . 5 forl = ’2 ton // 1 is the chain length
* Get optimal solution from smaller (shorter) problems 6 fori = lton—! 1
j=i+l-
. 8 mli, j] = oo
* Complexity: 9 for b — i to) 1
, 10 g = m[ii_kl_]+ mlk + 1, j]+ pic1 pep;
n _ n n ifg <mli,j
PHEIESVCEIERVEDHEIGEEOLED MERGES VR B
— n-—1 n-—11712 __ 3 14 return m and s
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Matrix Chain Multiplication

Problem: Given a sequence (chain) < Aq; 4,; ...; A,, > of n matrices compute the product

A A, ... A, with A; € RPi-1*Pi decide the computation order to minimize computation cost

Step 4: Reconstruct the optimal solution (Recursively)

PRINT-OPTIMAL-PARENS (S, I, ] )

1 ifi==

2 print “A”;

3 else print “(”

4 PRINT-OPTIMAL-PARENS (s, 7, s[Z, j])

5 PRINT-OPTIMAL-PARENS (s, s[i, j] + 1, j)
6 print «)”
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Matrix Chain Multiplication
Problem: Given a sequence (chain) < Aq; 4,; ...; A,, > of n matrices compute the product
A A, ... A, with A; € RPi-1*Pi decide the computation order to minimize computation cost
Complexity Analysis?
* Number of subproblems (sub-chains): >* ,(n —i + 1) = 0(n?)
* Number of dependences (edges) for subproblem < A;; ...; 4; >: 2(j — i)
* Total edges
* ?=1 Z}Li 2(—1) = ?=1 Z?=_1i+1 2(l —1) = 22?=1 Z?gzil — @(ng)

* Time complexity: @(n>)

e Space complexity: O(n?)
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Longest Common Subsequence
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Problem

Given two sequences A =<aq,a,, as , ..., a,>and B =<b4, b,, by, ..., b,,;>, find their Longest
Common Subsequence (not necessarily consecutive)
* Subsequence: a sequence derived from another sequence by deleting some elements

without changing the order of the remaining elements
 Example: A="“acbdef”, B="“abcdef”, then LCS(A,B)="acdef” or “abdef” with the length 5

Brute Force 1: enumerate all subsequences of A and B, check whether they are equal

* Enumeration: 2™/2™ subsequences for A and B, corresponding to 0-1 strings denoting

whether to select each character

* Check: suppose n<m, O(n) in the worst case but on average low

« Time complexity: 0(2™*t™)
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Problem

Given two sequences A =<aq,a,, as, ..., a,>and B =<b4, b,, b3, ..., b,,;>, find their Longest
Common Subsequence (not necessarily consecutive)

 Example: A="“acbdef”, B="abcdef”, then LCS(A,B)="acdef” or “abdef” with the length =5
Brute Force 2: (assume n < m) enumerate all subsequences of A, check whether it is a
subsequence of B

 Enumeration: 2™ subsequences, corresponding to 0-1 strings of character selection

* Check: traverse B, compare with the leftmost unmatched character of the subsequence

* Time complexity: @(2"m) oL ret =0
02. for S in subsequences (A):
03. c =20
04. for i in 0 to B.length:
05. if c<S.length and B[i] == S|[c]:
06. c +=1
07. if ¢ == S.length:
08. ret = max(ret, S.length)
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Problem

Given two sequences A =<aq,a,, as, ..., a,>and B =<b4, b,, b3, ..., b,,;>, find their Longest
Common Subsequence (not necessarily consecutive)

 Example: A=“acbdef”, B="“abcdef”, then LCS(A,B)="acdef” or “abdef” with the length =5
Dynamic programming?

1. Characterize optimal substructure

2. Recursively define the value of an optimal solution

3. Compute the value of an optimal solution
4

Construct optimal solution from computed information
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Step 1: Optimal Substructure

Can we construct an optimal solution based on the optimal solution of subproblems ?
Guess 1: Construct the LCS of A and B based on the LCS of their subsequences?

* Each subproblem can be represented as <{0,1}",{0,1}™>

e Desired solution: LCS({1},{1}™)

o 2M*M sybproblems in total, too many values in the table & too many problems to solve
Intuition on reducing the subproblem space:

* Usually only consider prefix/suffix/continuous subsequences as subproblems
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Step 1: Optimal Substructure

Can we construct an optimal solution based on the optimal solution of subproblems ?

Guess 2: Construct the LCS of A and B based on the LCS of prefix sequences of Aand B
* Each subproblem represented as < i,j >, where i, j represent the length of prefix
* Desired solution: LCS(n, m)
e n*m problems in total

Can LCS(n, m) be constructed with the optimal solution of LCS(i,j), wherei < n,j < m?
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Step 1: Optimal Substructure

Theorem (Optimal substructure of an LCS): Let A =<a4,a,, as, ..., a,>and B =<by, b,,
bs, ..., b,,,> be sequences, and let C =<c¢y,c,, ¢3, ..., Cx> be any LCS of A and B.

1. Ifa, = b,,,thenc, = a,, = b,;, and C,_; isan LCS of A,,_; and B,,,_1

2. Ifa, # b,, thenc;, # a, implies that C isan LCS of A,,_; and B

3. Ifa, # b,,, then ¢, # b,,, impliesthat CisanLCSof Aand B,,,_;

At least 1 case happen, so must can be constructed from optimal solution of at most two

subproblems
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Step 1: Optimal Substructure - Proof

1. Ifa,=b,,,thency, =a,, =b,,, and C;,_y isan LCS of A,,_; and B,,,_4

* (¢, = a, = b,,): If ¢, # a,, appending a,, = b,,to C produces a common subsequence of
length k + 1, contradicting the fact that C is LCS of A and B
e (Cx_qisanlCSofA,,_i{and B,,_1)

Cy_1is common subsequence of A,,_; and B,,,_; with length k — 1.

If C,_1 isnot LCSof 4,,_; and B,,,_1, A,,_1 and B,,,_1 has a common subsequence W of
length kK’ > k — 1, appending a,, = b,,, to W produces a common subsequence of 4
and B whose lengthis k" + 1 > k. Contradiction with C (length k) is LCS of A and B
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Step 1: Optimal Substructure - Proof

1. Ifa,, # b,,, then c;, + a,, implies that C is an LCS of A,,_; and B
* Obviously, C must be common subsequence of A,,_; and B
 IfCisnotLCSofA,_;andB, A,,_; and B has a common subsequence W of length k" > k,

W is a common subsequence of A and B with length kK’ > k, contradicting the fact that C
is the LCS of A and B.

2. If a,, # b, then c;, # b,,, implies that C is an LCS of A and B,,,_4

* The proof is symmetric to ¢;, # a,
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Step 2: Recurrence of Solution

Theorem (Optimal substructure of an LCS): Let A =<a4,a,, as, ..., a,>and B =<by, b,,
bs, ..., b,,,>be sequences, and let C =<c¢q, ¢y, C3, ..., Cx>beany LCSof 4 and B.
1. Ifa, =b,,thenc, =a,, =b,,, and C,_; isan LCS of A,,_; and B,,,_1
2. Ifa, # b, thenc, # a, impliesthat C isanLCSof A,,_; and B
3. Ifa, # b, then c;, # by, implies that C isan LCSof Aand B,,,_4
Use f(n, m) to represent the length of LCS of prefix 4,, and B,,
* Basecase: f(i,0) =f(0,j)=0
* a,=b,:f(nm) = f(n—1m-1)+1
* a, # b,,:atleastone of LCS(n — 1,m) and LCS(n,m — 1) generate LCS(n, m), the

longer one is the solution: f(n,m) = max(f(n—1,m),f(n,m — 1))
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Step 3: Top-down with Memorization

LCS[O...N][0...M] = -inf
LCS[O][...] = LCS[...][0] =0
def f(i,j):
if LCS[i][j] !=-inf:
return LCS[i][j]
if Afi-1] == B[j-1]:
LCS[i][j] =f(i-1,j-1)+1
else:
LCS[i][j] = max(f(i-1, j), f(i, j-1))
10.  return LCSJi][j]

* Basecase: f(i,0) =f(0,j) =0
c ap,=b,:fnm) = f(mn—1m-1)+1
* a, #b,:f(nm) = max(f(n—1,m),f(n,m—1))

0 0 N o U R WDNPRE
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Step 3: Bottom-Up
* Basecase: f(i,0) =f(0,j) =0

* a, =by,: f(n,m)
* a, #b,: f(n,m)

fm—1m—-1)+1
max(f(n—1,m),f(n,m— 1))
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LCS[1...N][1...M] = -inf
LCS[O][...] = LCS[...][0] =0
for i from 1to n:
for jfrom 1tom:
if Afi-1] == B[j-1]:
LCS[i][j] = LCS[i-1][j-1] + 1
else:
LCSTi][j] = max(LCS[i - 1][j], LCSIi][j — 1])

44




Step 4: Reconstruct an LCS

Record the state that leads to the current optimal

1. LCS[N][M] = -inf
i Yj B D C A B (A 2. LCS[O][...] = LCS[...][0] =0
0 x 3. forifrom1ton:
! 0 ? ? ? \O 0 \0 4 for j from 1 to m:

1 A ol ol ol ol 1l<1 1 5. if A[i-1] == B[j-1]:
. @ N N 6 LCS[i][j] = LCS[i-1][j-1] + 1

Of 1J<hj< 1] 1] 2«2 7 s[illj] = (i-1, j-1)
3 C 0 I I \2 —n ; ; 8 else:
. @ N 1 1R 9 if LCS[i - 1][j] > LCS[i][j - 1]:

O 1] 1] 2| 2] 3|3 10. LCS[i][j] = LCS[i - 1](j], s[il[i] = (i-1, j)
5 D 0 I \2 g ; ; ; 11. else:
. @ IR IR 12. LCS[i][j] = LCS[i][j — 1], s[ilLil = (i, j-1)

0 1 2] 2] 3| 3| 4
T B | g \1 ; ; g \4 ATL Trace back through s from the final problem < n,m >
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Complexity

At worst solve all the n * m subproblems
e Each have at most 2 dependent subproblems (edges)

« Time Complexity: O(n * m)

e Space Complexity: O(n * m)
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Longest Increasing Subsequence
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Longest Increasing Subsequence (LIS)

Problem: given a sequence S =<s4, S5, S3, ... , S,>, find the longest subsequence

where the elements are in ascending order

« Example: ForO, 8, 4,12, 2,10,6,14,1,9,5, 13, 3,11, 7, 15, a longest subsequence
is0,2,6,9, 11, 15

Brute Force: enumerate all subsequences of A

* Enumeration: 2™ 0-1 strings denoting whether to select each character in A
* Check the order: at most O0(n)
« 0(2™n)

AlAA 5037 Advanced Algorithms and Data Structures 48




Longest Increasing Subsequence (LIS)

Problem: given a sequence S =<s4, S5, S3, ... , S,>, find the longest subsequence

where the elements are sorted in ascending order

« Example: ForO, 8, 4,12, 2,10,6,14,1,9,5, 13, 3,11, 7, 15, a longest subsequence
is0,2,6,9, 11, 15

Dynamic programming?

1. Characterize optimal substructure

2. Recursively define the value of an optimal solution

3. Compute the value of an optimal solution

4. Construct optimal solution from computed information
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Step 1: Optimal Substructure

Can we construct an optimal solution based on the optimal solution of subproblems ?

Guess: Construct LIS of S =< 54,55, ..., 5, >basedonan LISC =< ¢,Cy, ... ¢ >0f S1.,,_17
e If ¢, < s,,: appending s, to C makes an LIS
* If ¢, > s,, there is still possibility that S has an LIS of length k + 1

* ( may not be the only LIS for S;.,,_1

[ K/ \ \\
Afsee7 s lss2 3 4 s 6

* We need to know all the LIS of §;.,,_1 to construct an LIS at the next position

an (recorded) LIS

* Construct all the LIS for all the prefix sequences?

* Problem: given an LIS C' of S, C'1.;,_; may not be an LIS of any prefix sequence
1 9% 97 98 99 2 3 4 5
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Step 1: Optimal Substructure

A relevant problem that solves the original problem: given a sequence S = <

S1,S2,S3, ..., S, >, find the LIS that ends at position k

e LIS of S can be found among LISs ending at each position: find max;,_, LIS, (S).length
Optimal substructure: If C; = <s.,Sc, ..., S¢,_,, Si >isan LIS ending at i for§ =<
$1,S2, -, Sp >, then <'s¢ ,sc, ..., S¢,_, >isanLISendingatc,_; for$

Proof:

< S¢,»Scyr -1 S¢,_, > Must be an increasing subsequence that ends at position ¢,

* Ifalonger increasing subsequence ending at c¢j_exists: < Sty Schs s Scp_y > < S¢lySchy s Scp_yr Si > is a

longer subsequence ending at i, contradicting the fact that C; is LIS
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Step 1: Optimal Substructure

Optimal substructure: If C; = <s.,Sc, ..., S¢,_,, Si >isan LIS endingatiforS =<
$1,S2, -, Sp >, then <'s¢ ,sc, ..., S¢,_, >isanlLISendingatc,_q for$
* Traversing all the LIS ending before i and try appending s; can produce the LIS ending at i

* Allthe LIS ending at ¢, _4 are the same for i, they form an IS ending at i of fixed length as

long as c,_q1 < s; = only need 1 LIS for each position
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Step 2: Recurrence of Solution

Optimal substructure: If C; = <s.,Sc, ..., S¢,_,, Si >isan LIS endingatiforS =<
$1,S2, -, Sp >, then <'s¢ ,sc, ..., S¢,_, >isanlLISendingatc,_q for$

* Use f(i) to represent the length of the LIS ending at s;

f@ = maX(l max (f() +1))

]—l
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Step 3: Implementation

Use f (i) to represent the length of the LIS ending at s;

f(@) = max(l, . max (FG) + 1)

]— l
Top-down with Memorization Bottom-Up

LIS[1...N] = -inf . LIS[1..N] =

. f(i):
if(LIS[i] != -inf):
return LIS[i]

1

2 . forifrom1toN:
3

4

5. LIS[i]=1

6

7

8

9

1

2

3 for jfrom 1 toi-1:

4. if A[j] < A[i]:

5 LIS[i] = max(LIS[i], LIS[j] + 1)
6 ret = max(ret, LIS[i])

for jfrom 1toi-1:
if A[j] < A[i]:
LISTi] = max(LIS[i], f(j) +1)
. return LIS[i]
10. ret=1
11. forifrom 1to N:

12. ret = max(ret, f(i
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Step 4: Reconstruct an LIS

Record the state that leads to the current optimal

LIS[1..N]=1
s[1.N] =-1
ret p=0
for i from 1to N:
s[i] =i
for jfrom 1toi-1:
if A[j] < A[il:
if LIS[i] < LIS[j] + 1:
s[i] =
LIS[i] = LIS[j] + 1
if LIS[i] > ret:
ret = LIS[i]
13. ret p=i

O O N O UL R WDNDPRE

e
N PO

Reconstruction: Trace back through s from the final problem ret_p
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Complexity

* |n the worst case solve all the n subproblems

* Thei-th subproblem dependson i — 1 subproblems
e Intotal: Y= i = n? edges

Time complexity: ©(n?)

Space complexity: ©(n)
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Faster Solution

Use f (i) to represent the length of the LIS ending at s;
f(@) = max(l, . max FG)+1)
S jSSi
Observation

f(i) =max(1, max f(j)+1)

j<i,sjss;

The LIS ending with a; is constructed based on <max ()
j<i,sjs<s

 Maximum length of the increasing subsequence found so far that ends with a value /ess

than the current s;
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Faster Solution

f() =max(1,g()+1)
* g(i): Maximum length of the increasing subsequence found so far that ends with a value

less than the current s;

Efficiently obtaining g (i): store the minimal ending value for each length of increasing

subsequence so far (in an array B[1 ... N]), then g(i) = maxp<,[.
e Characteristic: B is increasing

* Ifthere exists i < jthat B; > B;, there is an increasing sequence J with length j and
Jj = Bj.J1.; is anincreasing sequence and J; < B; < B;, contradicting the fact that B; is
the minimal ending value of an increasing subsequence with length i

* Find maxp,<, [? Binary search! O(logn)

AlAA 5037 Advanced Algorithms and Data Structures 58




Faster Solution

f(@) = max(1,g() +1)
* g(i): Maximum length of the increasing subsequence found so far that ends with a value
less than the current s;
Efficiently obtaining g (i): store the minimal ending value for each length of increasing

subsequence so far (in an array B[1... N]), then g(i) = maxg <, L.

* Update B after traversing s;?
* We have new increasing subsequences of length 1, 2, ..., g(i) + 1 that ends with s;

 What valuesin B can we update?
* Observation: By < By < - < Byiy < 5; < Bgpy41 <

Only B;(iy+1 needs to be updated! ©(1)
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Faster Solution

f() =max(1,g()+1)
* g(i): Maximal length of increasing subsequence so far that ends with a value smaller than
the current s;

Efficiently obtaining g (i): store the minimal ending value for each length of increasing
subsequence so far (in an array B[1 ... N]), then g(i) = maxp<,[.
* Find maxg <, l: Binary search O(logn)

* Update B after traversing s;: Update B ;)41: O(1)

* Intotal: ®(nlogn)
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DP on Trees
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Banquet Without Bosses

Problem: A company holds a banquet and will let a subset out of n employees to attend. The
i-th employee attending the banquet has happiness score 1;. Given the organization tree of
these employees. The principal is the root, each employee's supervisor is the parent. An
employee and their supervisor cannot simultaneously attend the banquet. Set the plan to

invite employees to maximize the total happiness score of the banquet.

Use dynamic programming to solve problems on tree structures

* Define optimal substructure in terms of subtrees
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Banquet Without Bosses

Step 1: Optimal substructure

Can we construct an optimal solution based on the optimal solution of subproblems?

Intuition: treat each subtree as a subproblem

* |f the root attends, we optimize the solution by getting the optimal solution for all its subtrees, constraining
that each of them cannot have the root attends, plus the happiness of the root

* |f does not attend, we optimize the solution by getting the optimal solution for all its subtrees

One of the two cases happens

Define subproblem: get maximal happiness score of the tree when the root attend/not attend the banquet.
* <node, {0/1}>: where 0 represents the root does not attend, 1 represents attend
* Maximal between optimal solution of <node, 0> and <node, 1> is the optimal

Optimal substructure: Given any child of a node,
* The optimal solution for <node, 0> contain either optimal solution of <child, 1> or <child, 0>.

* The optimal solution for <node, 1> contain optimal solution of <child, 0>
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Banquet Without Bosses

Step 2: Recurrence of value

Let f(u, s) be the maximum happiness for subtree rooted on u when u’s stateis s € {0,1}

fa0= ) max(£(x,0),f(x 1)

XEu.children

fa= ) [0 +n,

X€u.children
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Banquet Without Bosses

Step 3: Top-Down with Memorization (Trees are naturally recursive)
. dp[0..n][2]=0
Def f(u, s):
if dp[u][s] != 0: return dp[u][s]
dp[u]ls] = s * r[u]

1
2
3
4
5. for vin get_children(u): Reconstruction?
6 ifs==0:

7

8

9

dp[u][s] += max(f(v, 0), f(v, 1))
else:
dp[u][s] += f(v, 0)
10. print(max(f(root, 0), f(root, 1))

Bottom-Up?

* Sort the nodes in terms of the depth in decreasing order
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Complexity Analysis

 Nodes: 2 * n subproblems

e Edges: each rely on at most 2#children, there are n children in total in a tree
Time Complexity: O(n)

Space Complexity

* Store N edges on the organization tree: ®(n)

* Auxiliary space complexity for dynamic programming ©(n)
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Knapsack Problem
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Knapsack Problem

Problem: Given a Knapsack with an integer capacity W. Given N items, each with an integer
volume w; and a value v;. Select a subset of these items to place into the knapsack such that

the total value is maximized without exceeding the knapsack’s capacity.
n n

max 2 X;iV; S. t.z xiw; < W

=1 =1

[ e e e e e e e e e e e e i
! Table-1 item’s weight-value table I
| |
|
J index ----- ;
|
I Weight 3 !
| |
i value 6 10 4 3 12
[ |
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Knapsack Problem

Problem: Given a Knapsack with an integer capacity W. Given N items, each with an integer

volume w; and a value v;. Select a subset of these items to place into the knapsack such that

the total value is maximized without exceeding the knapsack’s capacity.
n n

max z X;iV; S. t.z xiw; < W

=1 =1
Knapsack problem is NP-hard, but can have a Pseudo-polynomial time solution
* Polynomial time: polynomial in the length of the input, irrelevant to the scale of values

e Pseudo-polynomial time: polynomial in the value of the input (the largest integer present

in the input), e.g., W in knapsack

Can be solved when W is small
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Knapsack Problem

Problem: Given a Knapsack with an integer capacity W. Given N items, each with an integer
volume w; and a value v;. Select a subset of these items to place into the knapsack such that

the total value is maximized without exceeding the knapsack’s capacity.
n n

max 2 X;iV; S. t.z xiw; < W

i=1 i=1
Different types consider the scope of x
* 0-1 knapsack problem
* Bounded knapsack problem

* Unbounded knapsack problem
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0-1 Knapsack Problem

Problem: Given a Knapsack with an integer capacity W. Given N items, each with an integer
volume w; and a value v;. Select a subset of these items to place into the knapsack such that

the total value is maximized without exceeding the knapsack’s capacity.
n n

max z X;V; S. t.z:xiwi <Ww, x; € {0,1}
i=1 =1
0-1 Knapsack Problem: every item can be picked at most once

Brute Force: enumerate all possible item combination and select the one with highest value
* Complexity: 2™ combinations for n items in the worst case, O(2")

Take advantage of the fact that W is not large and use dynamic programing?
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0-1 Knapsack Problem

Step 1: Optimal substructure

Can we construct an optimal solution based on the optimal solution of subproblems?

Let X = argmax Y-, x;v; S.t.Yi,xiw; < W; x; € {O 1}, we can prove that

e ifx,=1:X1,,1= argmale 1 XV s.t.Yttxw; < W —w,, x;€ {0,1}

e ifx, =0:X;,_; =argmax Y-, X;V; s.t. Yyt xw;, < W, x;€ {0,1}

Intuition: For the last item,

e Ifl pickit, the maximum value | can get is its value + the maximum value | can get from
picking the previous items with the rest of space in the knapsack

e Ifldo not pick it, the maximum value | can get is the maximum value | can get from picking

the previous items in the knapsack
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0-1 Knapsack Problem

Step 1: Optimal substructure

Can we construct an optimal solution based on the optimal solution of subproblems?
Let X = argmax Y-, x;V; S. t.Z’f‘_lx-Wi <W; x; € {O, 1}, we can prove that

e ifx, =1:X;,_; = argmax Yi—; X;V; s.t.Yttxw; < W —w,, x;€ {0,1}

e ifx, =0:X;,_; =argmax Y-, X;V; s.t. Yyt xw;, < W, x;€ {0,1}

Proof by contradiction:
« if x, = 1:if there exists X';.,_1 with X7, ! iV > ?:11xivl and Y15 ! w; < W —wy, then X' =<
X1, X, .., Xn_1, 1 > becomes a better solution with Zl 1 X;v; > Y x;v; and Zl L xw; < W
* ifx, = 0:if there exists X';.,_; with Y x/v; > Y xv; = Y0 xv; and Y xjw; < W, then X! =<

X1, X5, e, Xn_1, 0 > makes a better solution with }'7*; x;v; > Y1 x;v; and Yo x;w; < W
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0-1 Knapsack Problem

Step 1: Optimal substructure

Can we construct an optimal solution based on the optimal solution of subproblems?
let X = argmax Y-, x;v; S.t. Zl Lxiw; S W; x; € {O 1}, we can prove that

e ifx, =1:X;,_; = argmax Yi—; X;V; s.t.Yttxw; < W —w,, x;€ {0,1}
e ifx, =0:X;,_; =argmax Y-, X;V; s.t. Yyt xw;, < W, x;€ {0,1}
Optimal substructure: The optimal solution of subproblem (n, W) can be obtained from

optimal solution of problem (n — 1,W - w,,) or (n — 1, W)
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0-1 Knapsack Problem

Step 2: Define the recurrence of value

Let f(i,j) be the maximum value we can obtain with capacity j by selecting the first i items:

fGj)=max(f(—1)),f@—1Lj—w)+v)
Consider base case and when j < w;

( 0 . ifi=00rj=0
f(l']) = f(l T 1!]) ) lf] < Wi
\ max(f(l - 1,]),f(l _ 1'] — Wi) + vi) ) lf] = Wi
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0-1 Knapsack Problem

Step 3: Top-down with Memorization

1. dp[1..N][1..W] = -inf

2. Deff(i,]):

3 if dp[il[j] != -inf: return dp[i][j]
4 ifi==0o0rj==0:

5. dpli]ljl =0

6 return dpli][j]

7
8
9

else:

if j <w;: dpli]lj] = f(i- 1, j)

else: dplil[j] = max(f(i- 1, j), f(i- 1, j- w;) + v;)
10. return dpl[i][j]
11. print f(N, W)
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0-1 Knapsack Problem

Step 3: Bottom-Up

1. dp[1..N][1..W] = -inf

2. foriinrange(0, K+1):

3 for j range(0, W+1):

4. ifi==0orj==0:dpli][j] =0

5 elseif j < w; : dplil[j] = dpli - 1][j]

6 else dplil[jl = max(dpli — 1][j], dpl[i-1][j - w;] + v;)
7

. print dp[N][W]
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0-1 Knapsack Problem

Step 4: reconstruction

O 0 N o U A WD E

Store whether you pick the current item i in subproblem (i, j)

Backtracking the subproblems to optimize the current state

dp[1...N][1...W] = -inf
foriinrange(0, K+1):
for jin range(0, W+1):
ifi==0o0rj==0:dpJi][j]=0
else if j <wy: dpli][jl = dpli - 11(j], s[il[jl = O
else:
if dp[i — 1]{j] > dp[i-1][j - w;] + v;: dplil[j] = dpli - 1]{j], s[illj] = O
else: dplil[j] = dp[i-1][j - w;] + vy, slil[j] = 1
print dp[N][W]
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dp[1...N][1...W] = -inf

X[1..N]=0

i=N, j=W

while i > 0:
x[i] = s[illj]
j=17-w*s[illj]
i-=1

78




0-1 Knapsack Problem

Complexity Observation:

* Nodes: nxW subproblems « dp[1..i-2][...] are not used when you calculating dp[i][...]
* Edges: each rely on 2 subproblems: 2nWW/ * Only the last row of the table is used!

Time Complexity: O(n x W) Can we only keep the last row?

Space complexity: O(n x W) TN TN

dp[i-1][0] | dp[i-1[1] | dpli-1](2] | dp[i-11(3] | dpli-L1[4] | dpli-1][5] | dpli-11(6] | dplil[7) | dplili8] | dplilfe]

Can we reduce space complexity?

. dp[1..N][1..W] = -inf . dp[1..W] = -inf

1 1

2. foriinrange(0, K+1): 2. foriinrange(0, K+1):

3 for jin range(0, W+1): 3 for jin from W to 0:  # Update from the no longer used slots
4. ifi==0o0rj==0:dp[i][j] =0 4. ifi==0o0rj==0:dp[j]=0

5 else if j < w; : dpl[il[j] = dpli - 1][j] 5 else if j<w; : dp[j] = dp[j]

6 else dplil[j] = max(dp[i — 11[j1, dp[i-1][j - w;] + v;) 6 else dp[j] = max(dplj], dp[j - w;] + v;)
7 7

print dp[W]

print dp[N][W]
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Unbounded Knapsack Problem

Problem: Given a Knapsack with an integer capacity W. Given N items, each with an integer

volume w; and a value v;. Select a subset of these items to place into the knapsack such that

the total value is maximized without exceeding the knapsack’s capacity
n n

max invi S. t.zxiwi <MW, xi €EN

i=1 =1
Brute Force: enumerate all possible item combination and select the one with highest value

* Even larger complexity than 0-1 knapsack problem

Supposing W is not large, dynamic programing?
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Unbounded Knapsack Problem

Step 1: Optimal substructure

Can we construct an optimal solution based on the optimal solution of subproblems?

Let X = argmax Y-, X;V; s.t. ) x;w; < W, we can prove that
e ifx, =0:X;,_; =argmaxYi—; X;V; s.t. Yt ltaw, < W,
o ifx, #0:< X1, %, —1>=argmax ), x;v; St e xiw; S W —wy,

Intuition: For the last item,

* If | pick O, the maximum value | can get is the maximum value | can get from picking the
previous items in the knapsack

e Ifl pick at least 1, the maximum value | can get is its value + the maximum value | can get

from picking from this item and the previous items with the rest of space in the knapsack
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Unbounded Knapsack Problem

Step 1: Optimal substructure

Can we construct an optimal solution based on the optimal solution of subproblems?

Let X = argmax Y-, X;V; s.t. ) x;w; < W, we can prove that

e ifx, =0:X;,_; =argmaxYi—; X;V; s.t. Yt ltaw, < W,

o ifx, #0:< X1, %, —1>=argmax ), x;v; S.t. nim xiw; S W —wy,

Prove by contradiction:

« Ifx, = 0:if there exists X';.p—1 With Y-t xlv; > Yt xv; = Y0 xv; and Yt x/w; < W, then X! =

X1, X3, e, Xn_1, 0 > makes a better solution with }:7*, x;v; > Y1 x;v; and Yo x;w; < W
* Ifx, # 0:if there exists X' with X7 ; x{v; > Y11 x;V; — vpand X7 x;w; < W —wy, then X' =<

X1, X5, e, Xn_1, X5, + 1 > becomes a better solution with 1=, x;'v; > Y x;v;and Yl x;/'w; < W
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Unbounded Knapsack Problem

Step 1: Optimal substructure

Can we construct an optimal solution based on the optimal solution of subproblems?

Let X = argmax Y-, X;V; s.t. ) x;w; < W, we can prove that
o ifx, #0:< Xi.p_1, X, — 1 >=argmax )i x;V; St Y xiw; S W —wy,
e ifx, =0:X;,_; =argmax Y —; X;V; s.t. Y lagw, < W,

There must be one case that happens. The optimal solution of problem (n, W) must contain

the optimal solution of problem (n — 1,W), (n, W-w,))
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Unbounded Knapsack Problem

Step 2: Recurrence of value

Let f(i,j) be the maximum value we can obtain with capacity j by selecting the first i items:

fQ.)) = max(f(i —1,j), f(L,j —wi) +v;)

( 0 . ifi=00rj=0
dplillj] =+ dpli — 1][j] , ifji<w
\ max(dp|i — 1][j], dplillj — w;] + v;), if j = w;
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Unbounded Knapsack Problem

Step 3: Top-Down with Memorization

1. dp[1..N][1..W] = -inf

2. Deff(i,]):

3 if dp[il[j] != -inf: return dp[i][j]
4 ifi==0o0rj==0:

5. dpli]ljl =0

6 return dpli][j]

7
8
9

else:

if j <w;: dpli]lj] = f(i- 1, j)

else: dplil[j] = max(f(i - 1, j), f(i, j - w;) + v;)
10. return dpl[i][j]
11. print f(N, W)
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Unbounded Knapsack Problem

Step 3: Bottom-Up

1. dp[1..N][1..W] = -inf

2. foriinrange(0, K+1):

3 for j range(0, W+1):

4. ifi==0orj==0:dpli][j] =0

5 elseif j < w; : dplil[j] = dpli - 1][j]
6

7

else dplil[j] = max(dpl[i — 1][j], dp[il[j - w;] + v;)
. print dp[N][W]

AIAA 5037 Advanced Algorithms and Data Structures 86




Unbounded Knapsack Problem

Complexity Observation:

* Nodes: n * W subproblems * dpli][j] uses dpli][1 to j-1] and dpli-1]j]

» After getting dpli][j]l, dpl[i-1][j] is no longer used

* Can we only keep dpJi][1 to j-1] and dp[i-1][j to W]?

 Edges: each rely on 2 subproblems: 2nW
Time Complexity: O(nl/)

Space complexity: O(nW) dp[i][0] | dp[il[1] | dplil[2] | dp[il[3] | dpli][4] | dpli][5] | dp[i](6] | dpli-1]{7] | dp[i-1][8] | dp[i-1][9]

Can we reduce space complexity? \\ ( >

dp[i][7]

. dp[1..N][1..W] = -inf . dp[1..W] = -inf

. foriinrange(0, K+1): . foriinrange(0, K+1):

# Update from problems that future

1 1

2 2

3 for j range(0, W+1): 3 for jrange(0, W+1):  problems depends on
4. ifi == 0orj==0:dpli][j]=0 4, ifi==0o0rj==0:dp[j]=0

5 elseif j <w; : dplil[j] = dpli - 11[j] 5 if j >wy;:

6. else dplillj] = max(dpli - 1], dp[illj - w;] + v;) 6 dplj] = max(dp[j], dp[j - w;] + v;)
7 7

print dp[W]

print dp[N][W]
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Assignment

* Given a set of distinct positive integers, find the largest subset such that every pair (S;, S; )

of elements in this subset satisfies: S; % S; =0 or S; % S; = 0. Please return the largest size
of the subset.
* Hint: 5; % S; = 0 means that §; is divisible by S; .
e Given n, how many structurally unique BST’s (binary search trees) that store values 1...n?

* Explanation: Given n = 3, there are a total of 5 unique BST’s:
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Thank you!
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